Introduction.
The paper is concerned with a nonlinear system consisting of Maxwell's equations edtE = curl H -dtP -j, /AH = -curl E, ( on (0, oo) x G. Here C R3 denotes the spatial domain and G C O is an open subset. The unknown functions are the electric and magnetic fields E, H, which depend on the time t > 0 and the space-variable x G 12, arid the dielectric polarization P defined on M+ x G. In 1.1, the function P is the extension of P on R+ x V. defined by zero on the set R+ x (fl\G).
This system, which describes the propagation of electromagnetic waves in a dielectric medium occupying the set G, is supplemented by the initial boundary conditions nAE = 0on (O.oo) xl\ and n A H = 0 on (0, oo) x T2 (1.3) E(0, x) = E0(x). H(0, x) = H0(x) (1.4) and P(0, x) = P(1(a:), <9#P(0, x) = Pi(x) oil G.
( [1] [2] [3] [4] [5] Here Ti c Oft is the perfectly conducting part of the boundary and F2 c= d£l \ Fi. Also the whole space case = R3 without boundary condition 1.3 is considered. The potential energy function V : G x R3 -> [0, 00) provides a generally nonlinear restoring force in the ordinary differential equation governing P. As in [6] , the coefficients (3 > 0 and 7 > 0 may depend on the space variable x G G. They take into account the possibly variable mass, dipole moment, and density of the oscillating charged particles. Furthermore, £,// € L°°(R3) denote the dielectric and magnetic susceptibilities respectively, which are assumed to be uniformly positive matrix-valued functions. An external current j G ^((O, oo), L2(il)) is included also. The physical background of this system is described, for example, in [1] , [11] , and [13] . This system is also closely related to the Debye polarization model for microwaves involving the first order differential equation dtP + a(T)P = (3(T)E instead of 1.2, [10] .
The main topic of this paper is a quasistationary limit, which is of interest if the size of the domain is very small compared with the wave length.
For this purpose, consider a family of domains f20 = {ay : y £ i~l} and Ga = {ay '■ y G G} c ja(t,x) =' j(i,Q_1x) and coefficients ea(x) '= e(a~1x), jua(x) =f p(a~lx) for x G Oa. Now, let (Eq, Hq), defined on [0, oo) x ila, and PQ defined on [0, oo) x GQ, satisfy 1.1 with j, e, and /x replaced by jQ, eQ, and /iQ, respectively. Then ea(t,y) = E<^ §£, ay), ha(t,y) =f Ha(t,ay), defined on [0, oo) x fl, and pa(t,y) =f Pa(t, ay), defined on [0, oo) x G, satisfy
The main objective of this paper is the investigation of the limit a -> 0, which corresponds to the case of a very small partial domain. Since 1.2 does not contain derivatives with respect to the space variables, this equation is invariant under the above scaling. It will be shown in Sec. 4 that (ea, ha, p") converge for a -» 0 to functions (E. H, P) satisfying the equations from electrostatics, i.e., nt eE0 + P0 curl E = 0 and div [eE(t) + P(f)] = p(t) d= div / j{s)ds Jo on (0, oo) x il. where the charge density p is determined by the prescribed initial data Eo, Po and the external current j. Furthermore, a rate for this convergence will be given for the case where is an exterior domain. Finally, in Sec. 5, the asymptotic behavior is investigated.
It is shown that the solution to the limit problem decays for t -» oo in the case of vanishing space charge.
In [7] , a similar limit is carried out for the Landau-Lifschitz equations coupled with Maxwell's equations edtE= curl H-j, fidtH = -curl E -/idtM, (1.7)
on R+ x R3 coupled with the equation
on R+ x G. Here G C IR3 is an open set. In 1.7, the function M denotes again the extension of M on K+ x R3 defined by zero on the set R+ x (R3 \ G). This system, which describes the propagation of electromagnetic waves in a ferromagnetic medium occupying the set G, is supplemented by the initial-boundary conditions 1.4 and M(0, x) = Mo(x) on G. Here the initial state for the magnetic induction B0 =f /i(H0 + M0) is assumed to be divergence free.
The term a(x, M) takes into account a possible anisotropy of the medium. A physically relevant example for F is F(x, m)h = 7111 A h + am A (m A h) with a > 0 including a damping term am A (111 Ah). Equation 1.8 provides a uniform L°° bound for the magnetization M, which does not hold for the polarization field governed by 1.2.
In the quasistationary limit for 1.7, 1.2 one obtains, if the external current j is divergence free, the equation Next, We is defined as the set of all E G HCUIi(f2), such that /( J n (E curl F -F curl E)dx = 0 for all F G WH, which includes a weak formulation of the boundary condition n A E = 0 on Ti; see [5] , [6] , The solution to problem 2.13-2.15 is unique.
The initial-boundary value problem 2.9, 2.10, 1.3, 1.4, and 1.5 is satisfied in the sense described in [5] , [6] ; see also the beginning of Sec. 
Some auxiliary results.
In what follows, the assumptions 2.1-2.3 and 2.8 will be satisfied. Next some auxiliary results concerning problem (1.1)-(1.5) will be given. First, it follows from the contraction mapping principle as in [6] that Problem (1.1)-(1.5) has a unique weak solution (E, H,P) with the properties (E, H) G C([0, oo), X) and P G C2([0, 00), Q). In particular, 1.1 is satisfied in the sense that (E(t),H(t))=exp(tB)(Eo,Ho) (3.1)
for all a G D{B)\ see [2] , [12] .
111 what follows, let denote for q G [1, 2] the space of all h G L2(Q) with curl h <5 Lq(Q) + L2(Vt) in the sense of distributions, i.e., curl h admits a decomposition curl h = gi + g2 with gi G Lq(i1) and g2 G L2(tt).
Next, let be the space of all f G L2(S7), such that div (^f) G Lq(il) + L2(Q). By 3.3 and part (i), this completes the proof of (ii). □ Assertion (i) is well known for q = 2; see [14] and [15] . Since dtAn(t) = QeEn(t), it follows from the boundedness of {Q£;E"}neN that {An}n€N is bounded in H/1,oo((0, T), L2(K)). Hence it follows from 3.7 and Arzela's theorem that this sequence is precompact in C([0, T], L2(K)). Thus, 3.6 yields ||An(t) -A(t) || l2(k) n~-^ 0 uniformly on (0,T). Finally, it follows from 3.11 and 3.13 again, 3.15, and 3.26 that E and P obey 3.18 and 3.19. The aim of the following consideration is to show that (E(am) and P(Qm)) satisfy the conditions of Lemma 3.5. It follows from 4.2 that
This gives
(1 -QE)Ea(t) = (1 -Qe) (e0 + £-1P0 -jf e"1j(s)ds -, (4.9) whence 3.14 with F[t) (1 -QE) ^Eq + e_1Po -Jq £~1j(s)ds'j. Let g G Wh• Since and that E and P satisfy 2.14 and 2. JItC1 ~ <3b)(^1p)IIl2(G) < Ci||£:1/2(1 -Qe){£~1p)\\l^(Q) (4.14)
< C\||£_1/2p||L2(n) < C2||p|U»(G) for a11 P G L2(G).
In particular E and P defined in 4.7 are the only possible accumulation points for a -> 0. This completes the proof of Theorem 2.1. Next, a rate for the convergence in Theorem 2.1 will be given for the case where fl is an exterior domain. Here a Poincare type inequality for divergence free vector fields is used which has been proved in [6] , Lemma 4.3. ii) The energy S(t)d^\\E(t)\\2£ + \\dtP(t)\\l + 2 f 7"1y(x,P)dx (5. 
